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; ? . s [1 ]]i (3} (i- _'l) (m+2)
Using this formula, and that for the difforance Esr q Er 2

derived from it, expression (80} becomes

_G-1),, mq:[ (@D 8- 002) (1) 142)_ (1) (me3)_ (i D), %)
Er 2 i 2:‘ 2 EI 3 27 i

=(A=1)pIme2) (i-1) fﬂl+2][{[1 llt{ﬁ*ﬂ (i-1] fﬂ”]l}li‘l 1)pme2]

Er 2 Ir 2 ¥
But
(i-1) (mi2) (i-1)(m+1}_ (-1} (m+2) (i- Dy Em+lJ %

Eores Eyr-1 Eor-2 (m=0,1,...]

and, using this formuia together with the version of it obtained by

replacing m by m+l , we find that expression (80) becomes

(-1); (042 _(i-1) {mz)[[p Dp(2) (1)) (-1} (we2), -1

Ear-2 2r-1 Eyr-2 Far-2
-1 'lH-l] (i-1)p(m+2) (i-1), { "1:." “11(-1) p (m+2) .
PN Ear.2 v ) E{TEJ : (82)

The second and third terms upon the right hand side of equation (73)

taken together can be writtem in the form

(i-13, fmh‘-]i{ (i-1)p(m+2) (i-1) plt3}y-1 (1-1), {m-z}]

2r-1 21' ) E:r 2 2r-2 (82)

-

_ -1 (23T, (- l] (m+l) (i-1) [l.-l-l"} =1 {i-1)_.[m+1}
EIr 2 [{ Er 2 } : EE’II:- }



Using expressions (81) and [82), the right hand side of cquation

{79) may bo revritten as

[l-l}E[m”‘.l (1-1], En*E][Ih 1) One2) _{i-1). D], (310, (med)
2r-2 zr 1 *r 1 2r~2

s ”:ﬁ’;" [i-1}. gﬁ]][{h -1) {*=+?‘J L= 131{1'1"':;],-‘ (i- lJFg:*;]

(-1 o (mr2) T (1-10p (me1] (i- 1]' {m+3] -1 [Il 1]' (il (1-1)p{med)
zrz[{l Boy-2 " o2 e Ezrz}]

G-1) L (m2)_(3-1)p (me2) [ (3-1) £m+2'.1 (1-1) (me1) § (3-1) ; (m+2)
Egpa el | Faraa el

Howerer

(i-1)p(m+2) (i-1) {m+1} Li=1)g [m+1} (i-1) (me2) -1
2r-1 Ir?

Thus equation {?Ej.becumns

(me1) (1) [ -1) (121 (i-1) (me2) [, (1-1) (me1) (i-1)(me2),-1(i-1), (me2
[1]En| 3 m} (i i:rn zrz[{ }Ir{ ). E{w J] i- }jﬁ 2]

_G- ]]himi} {t_':-lj {mr]:] (i- l]E[rﬂ-ﬂ"J] 1[_[['1—1]

(m+l) (i-1) Em+2]} (i-1] {n*EE
21-2 T 2r-2

21‘ 2]" 2 :'-1-_

_[- I]EI:IHE}[{ [1*1] [rn+l] (i- l}t[m-lﬂj} 1 (i-1) (ml]-}

dr=2

.- l}rtm”} fi=1)(me1) }
r-2 21'

1

;{[i—I]EEI‘Hl} [1.13 EHH.?} }
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In short, sseuming that formuloe (69) and (74) hold with » renlaced

by -1 , we have proved that foymula (76) is true as it stands,

We now use the relationship

(g (D) @) (G . En}ﬂgg+i}]~1 b b

and forsula (76) to derive

(i- 1}E§?+1} -1, éﬂii} lplmd _@gltl) | teepj1,.00)

—

Using this relationship, and formula (68) with r replaced by r-1

and m by m#l , we derive formuls [68) as it stands,

We mow tuyvn to formela (68). For a fized voluc of 1 =1

we have, using formula (76)

(i) (mew) [1] (m+u+1) 1{i—1},El[:|r.«n.|+2}| k= J}L[mﬂul} }
B(e-w)” Caprev-1)" 2(r-v-1) 2 fr-v-1)

(r,m0,3,...:0m0,1,.,.,7=1) .

By summation, we obtain

¥ =

(i) {ﬂl-'-.l::l (1) (s} o _ (i) (m) (i), (mer)
E‘-’ Fte-v)+l” B2 (rev-1)) Eax' = Ep

ril{{i-l}E[m-i-u—ri}-1_{1—1}Efm-|-w]]-1}-1 o

Sy 2(r-w-1) 2(r-v-1]

= T

L ECL L

—— o —

ey




which is equivalent to formula ([68].
Formula (72) is, of course, equivalent to formula (6%].

" Turning to formula (73) we have, for a fixed value of 121,

(i=1) E{mtu-r 13 _{'j. -1] E(m+~.H2']- i [i:IElnnH l]'l_ (1)

-1
_[“""'":" ]_'1
2(r-v)*l 2(r-v)-1 2 {r-u)+l

E (r-v)+1

(r,m=0,10..3%=0,1,...,7)

using formula (69) again and hence, by summation,

T g . ;
« o [1=1) (méw+l]) (i1} (e ) (i-1).[m+1)
véﬂ{ rl[rru]+1 '?{r-u}*l}_ Earel

= :Z‘“?[ EﬂEé’E:‘:;:T-{i]EgTE;:’i;ilrl 5 fram=0iliaea)
or formula (73). °

The remaining results of the theorem concerning the case
in whldy i £0 are proved in the sase way.

If the arithmetic operations used in the execution of the
e-alporithm are consistently restricted to be the simple arithmetic
operations associated with such numhtrs,.Thsurtn 11 can be related
to application of the algoriths to the numbers of clauses 1, - 10. of § 3.

Theoren 11 docs not apply directly to extended Cayley numbers
oy to vectors: numbers of the first type are not known to be members of
a distributive ring with asscciating inverse, whilst those of the sezond
are not closed with respect to binary multiplicationm, Nevertheless, s

we shall see in § 8, the result of the theorem also holds true for these

numbers.,
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ne ¢ _g =) (32)

with ni<n+ 1 then, fnrmipg the difference of two successive members

of this set, we have

n

- {ﬂ} ;

e B4 =D, m 2% )
vel W vEm

If E < n, then recursion [24) iz het irreducible, contrary to
assumption; if a= n, them G = 0, also contrary to assumption. Hence
if a recursion of the form (32) holds, n=n+ 1, and recursion (32)

is obtained merely by multiplying relationship (31) throughout by a

n+l (1) n+l (1] m
suitable constamt. We have, of course, E uﬂ = [, E vcu = E tu = 0.
y=(] wal ST

The numbers {EEIJI play the same role with regard to the seguence

{Eil}} gs do the numbars {EH} with regard to the sequence {Em} in formulae

[6), of vhich relationships (25) are consequences.

The sbove process may be continued: we have recursions of the form

n+i .
{i} (i) & 5 5
vEﬂc" Sy=m = © (= :'1'" “E}
+1 n+i ]
where now nE1 c&l] = El u:El} =0 (i= 1323. Hence we derive
w=0 v=l

relationships (26].



With regard to the numba s {E”ciﬂ] with 1 € -, we have

first of all SE‘” = Sﬁi - Sim (m =%] ). Hence, fram formulae (24),

mn

-1} *
1 8 s& - 0. m=D)
If the numbers [EE,- l]']: satisfy a recursion of the fForm
nl Ll I:_]_:I. =
'-En cu 51J+n= G (m Eﬂ]
with n' < n, then 1f may he shown, &5 in the construction of
recursion (31), that
n'+l
L1} {ﬂ.] = = -
uzu ey Svm G (= -':j'j
n'+l
with E ':"u =0, If m'<n =1, it would then follow that recursion
yel

(24) is reducible. If n'=n=-1, then comparison of recursions {24)

and (35) reveals that ‘:1',; = Im:"‘I (v S 'JE] for some nonzero element k,

n
and hence, in this case, 1 LI 0, contrary to assumpticm. Thus
wall

the nusbers {E:':u} do not satisfy a recursion of the form (34) with

n' = mn, % = 0, and recursien (34) is simply obtained from (33) by

multiplication throughout by a suitable constant.

(33)

(34)

(35)



In a similar way we show that- for the members of all sequences

{EIE”} with 1 ¢ - "31 we have

i (i) :
uén €o Bpem = 0 =Y, me)

Relationships (27) them follow directly from formulae (5).

We now turn to clause b) and have, as in the derivation of

recursion (31)

n+l
(1 (1)
I ¢35 = 0, m=")
ol ¥ W
k+1 (13
since En e 0, this recursion iz reducible, and we obtain
LB

7 oo s .M

WoowEm '

(m =)

wsl

an irreducible recursion in which the value of G-“] may be chtained

(1) depends upon

by setting m = 0, for example (the value of G
the initial members of the sequence {SDEM'}, and is not determined
by the values of the {cu} and G alone), If g(1) » 0, we have

conditions relating to the sequences [S.Eh”'} similar to those

holding for the seq-'ummaﬁ [Ei“l in clause a), and we derive relationships



(28) and (29) with 1 = 0. It may, however, occur that 6t - 0,

and we then derive an irreducible recursion of the form

n
T e st . gl®, (m=zT)

w=(} SN

We now show that if is impossible for the system of recursions

5 (i)
§ e stog (=75, m =) (36)

+*
weg Vv

to hold,

Let us assume that they do hold. We set

n
8w} e B G99 6N
w=) ;

As is easlly verified, -ﬁi E,Ei] =0 (i=0,vE 'J;#l]; ﬂi E,Ei} -

EEJrIﬁ = 0,4 E l:lfr'] (r ¢ ",jg], Since, from formulae (36) and (37},

I ¢ w0 (1 = 0,r = T, we have

i}
I e, sl o, r=T5 (39

¥ w=T

The last equation of this set implies that Eg"} = 0 (and hence, since

-Sn[ﬂ = Eén}{i aﬂj, Eéﬂ =0 (r = "".JE]]. Assume that we have shown that



s (r] (] r+l

S"ET"'].] = ['ﬂ Eﬂ:‘ 1)r Then we have Eﬂ = 0, E"J‘ = SE } =
{r+1)

Su_l s 0 (v

T2 1) and, by substituting these values in

relatienship (38), séfi = 0 also. Hen¢e, in particular, s&ﬂ} =

(v = :];]. It then follows from recursion (36) with i = 0 that
smnn{u=ﬂ} d in thi i
e £ » and in this case recursion (24) is certainly not

irreducibie,

Hence, for some Euefjg'l, we have the irreducible recursion

n o £
L gy 8 a8 wo, = =D)
=

The stated results of clause b) concerning the scquences of nushers
{{1]=£m]} for 1« t]I are now derived as in the proof of clause

a)}; the analysis concerning these numbers for i « -9, is precisely

the same as for that clause.
We now turn te clawse c). The analysis of the sequences of

numbers {{i}tin]} with i« 131 is as in the proof of clause a).

W

Setting :E"l] = - Iuci (v = :]E"l}, recursion (24) may in this case
T=U

be rewritten as

n-1
¥ el-1) gl=1) _ G. m="d)

W +
y=0 Lz



If this Tecursion is reducible, it can be shown that recursiem (24)

10 6D
is not irreducible. If C = 3 c," " # 0, then the analysis of
u=0

(1) m] i = . -
the sequences of numbers {* e} for 1 = .':Il is conducted as

in the proof of clause a). If AR 0, we derive the irreducible

recursion

n-2
1 c,'E_z] si-2) . g m="J)

w+m
=l

and proceed as above. It has only to be mentioned that, as is easily

“"'il ._"l “ A
versfted, § 0= § e, (= TYH. 1t may, of
v ¥ v=i' * *
o medl ey . n-1
course, occur that in this gnalysis 1 €, =0 (i' =, 1; At
=0

is then found that the sequence {EE:‘}] consists of constant nonzero

menbers, while the numbers {Srﬁnl (is -'{Jml} are all zero.

A hierarchy of function sequences preduced by means of the first confluent

form of the epsilon algorithm
By applying relationships similar to (#) to the successive integrals
and derivatives of the fumction S(p), one cbtains a hierarchy of

sequences of runctions {{ﬂziﬂ} in analogy with the hierarchy of

g-arrays discussed in the previous section. It will be recalled
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